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We develop a topological theory for disordered Weyl semimetals in the framework of gauge invari-
ance of replica formalism and boundary-bulk correspondence of Chern insulators. An anisotropic
topological θ-term is analytically derived for the effective non-linear sigma model. It is this nontrivial
topological term that ensures the bulk transverse transport of Weyl semimetals to be robust against
disorders. Moreover, we establish a general diagram that reveals the intrinsic relations among topo-
logical terms in the non-linear sigma models and gauge response theories respectively for (2n+ 2)-
dimensional topological insulators, (2n+ 1)-dimensional chiral fermions, (2n+ 1)-dimensional chiral
semimetals, and (2n)-dimensional topological insulators with n being a positive integer.
PACS numbers: 72.90.+y, 03.65.Vf, 73.43.-f
Introduction Recently, Weyl semimetal (WSM) has
been attracting more and more attention due to its in-
terdisciplinary interest from anomalous transport in con-
densed matter physics [1–10] and quantum field theory
anomalies as well as a topological character of its gap-
less modes [11–20]. Weyl fermion as the quasi-particle
of WSM has a definite chirality, left-handed or right
handed, depending on its sign of spin polarization along
the momentum direction[21]. According to the no-go
theorem[22], gapless Weyl points in a WSM appear as left
and right-handed pairs in the momentum space. Since
all the energy bands of a system with both time-reversal
symmetry(TRS) and inversion symmetry(IS) are doubly
degenerate for both chiral modes, a WSM can only be
realized in a system breaking TRS and/or IS symmetry.
Here we focus essentially on the simplest model of WSM
with two Weyl points, whose low-energy effective Hamil-
tonian reads
HWSM (k,b) =
(−σ · (k− b(x))
σ · (k+ b(x))
)
, (1)
where σ’s are Pauli matrices and b is the displacement
of Weyl points from the origin of the momentum space.
Under semi-classical approximation, the spatial depen-
dence of b(x) is assumed to be adiabatic. The model
does not have TRS [23]. Each Weyl point has a nontriv-
ial topological charge [13, 24], namely the Chern number
on the gapped two-dimensional sphere enclosing a single
Weyl point in k space is ±1, which leads to topological
terms in the U(1) response of this model [14–20]. For
real materials, disorders are normally unavoidable, and
can be studied by the replica method, where a non-linear
sigma model (NLσM) encodes fluctuations of Nambu-
Goldstone modes that are on a curved manifold[25–27].
Particularly for topological materials, the global topol-
ogy of the target manifold may have essential effects,
such that topological terms in the NLσM are significantly
important for describing physics of the system under dis-
orders [28–31], which highly motivates us to develop a
FIG. 1: Relationship diagram of topological terms and
materials for the n-th unit of a whole topological family
of class A [13, 24]. For each node, the upper, below-
left, and below-right boxes denote the model, the topolog-
ical term in NLσM, and gauge theory, respectively. The
dashed arrow is effectively composed by the three successive
solid arrows. Nodes: TI(topological insulator), Θ(θ-term),
CS(Chern-Simons term), CF(chiral fermion), WZW(WZW-
term), CC(Chern character), CSM(chiral semimetal), A-
Θ(anisotropic Θ) and A-CS(anisotropic CS). Arrows:
BBC(boundary-bulk correspondence), OC(opposite coupling)
and DR(dimension reduction). Notably, the thick blue-arrow
represents a key step that deduces the central result of this
work.
general theory for disordered WSMs.
In this Letter, for the model of Eq. (1) under disorders
and preserving no discrete symmetry, we derive for the
first time an anisotropic topological term in the action of
the NLσM as
SAΘ = − 1
8pi
∫
d3x ijkbitr(Q∂jQ∂kQ), (2)
where ijk is the completely anti-symmetric tensor, bi de-
notes the i-th component of b, and Q stands for a sigma
field to be specified later. We refer to this term as an
anisotropic θ-term, as it is just a usual θ-term on the
plane perpendicular to b for a constant b [28]. Actu-
ally this term can be generalized to any chiral semimetal
(CSM) with two chiral points separated in the k space
of odd dimensions [32]. We also reveal that this new
anisotropic θ-term is associated with the so-called oppo-
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2site coupling in CSM, which plays a key role in a re-
lationship diagram of topological terms for a family of
topological matter, as illustrated in Fig.(1), where each
topological term in the NLσM has a counterpart in the
U(1) gauge response theory.
Disorder model We now consider that the WSM,
Eq.(1), is subjected to a white-noise and random scalar
potential V (r), namely
H = HWSM (b) + V (r). (3)
Assuming that the probability density of V is Gaussian,
we have V (r) = 0 and V (r)V (r′) = g2δ3(r − r′) with
g2 indicating the strength of the random potential. Af-
ter applying the replica scenario [25–27] and averaging
over the random potential, the disordered system may
be described by a Lagrangian
L = ψ†aG−1ψa −
g2
2
ψ†aψaψ
†
bψb,
where the spinor is decomposed into retarded and ad-
vanced space, namely ψ = (ψr, ψa)T , and G−1 = ω −
HWSM + iητ ra3 . The Pauli matrix τ ra3 acts in this space,
and η is an infinitesimal positive number. The subscript
as the replica index ranges from 1 to N with repeated one
being summed over. The four-operator term comes from
the averaging over the random potential. Since our sys-
tem is in the topological class A, we introduce the sigma
field
Q ∈ U(2N)
U(N)× U(N) , (4)
to decouple the four-operator term [28, 33, 34],
e−
g2
2
∫
ψ†αψ
†
βψαψβ ∼
∫
DQ e− ∆
2
4g2
∫
trQ2+∆
∫
ψ†αQαβψβ ,
where the Greek subscripts indicate both replica and
retarded-advanced indexes. Accordingly the partition
function can be transformed to be in the form,
Z =
∫
DQ
∫
Dψ†Dψ exp(−
∫
d3x Lf + ∆
2
4g2
trQQ),
where
Lf = ψ†a(G−1 −∆Qab)ψb.
∆ is determined by the consistence equation pi/g2 =
ln[1 + (a0∆)
−2] with a0 being the short-distance cutoff.
Assuming that ω is small and ∆ > 0, the dynamic terms
of the effective NLσM are given by
Seff = ln Det(HWSM + ∆Q).
It is observed that the operator in the determinant is
diagonal in the chirality space, recalling that ψα =
(ξα, χα)
T , where ξ and χ are Weyl spinors with oppo-
site chirality. This means the effective NLσM Seff for
HWSM is a summation of the NLσMs for the left and
right-handed chiral components, namely
Seff [Q] = S−,eff [Q,−b] + S+,eff [Q,b], (5)
where the signs in front of b indicate that it couples op-
positely to the left and right-handed ones. We below
derive S±,eff separately.
Boundary-bulk correspondence Before deriving
S±,eff [Q,±b], let us introduce the Wess-Zumino-Witten
term (WZW-term) for a single Weyl point at the center
of k space with disorders but without any anti-unitary
symmetry, from a viewpoint of boundary-bulk corre-
spondence(BBC) [35]. For a (2n + 2)-dimensional (D)
TI in the class A with a nontrivial Chern number C in
its bulk [33, 34], there are C flavors of chiral fermions
with the same chirality on each of its (2n + 1)D bound-
aries [36, 37]. The NLσM of the (2n + 2)D TI under
disorders has a θ-term [28]. In the infrared limit the
behavior of the TI is entirely determined by its gapless
boundary, and the coupling constant of the θ-term
becomes the Chern number C under the renormalization
flow [28]. To be concrete, for a 4D TI, the θ-term of the
NLσM is given by
S4DΘ =
iC
128pi
∫
d4x µνρλtrQ∂µQ∂νQ∂ρQ∂λQ, (6)
Viewing from the boundary of the TI, this implies that
there exists a WZW-term at level C in the NLσM of the
chiral fermions on the boundary [28, 29]. For the case of
Eq.(6), the corresponding WZW-term is found to be
SWZW =
iνb
128pi
∫
dτd3x µνρλtrQ˜∂µQ˜∂νQ˜∂ρQ˜∂λQ˜, (7)
where τ ∈ [0, 1] is the extending parameter, and Q(x) on
the S3 is extended continuously to Q˜(x, τ) with Q˜(x, 1) =
Q(x) and Q˜(x, 0) being constant[38]. In this case, τ can
be regarded as the parameter of the radial direction if
the geometry of the 4D TI is a disc D4. Here νb is
the total Z-type topological charge of the boundary gap-
less modes, which is defined as the Chern number on the
gapped sphere enclosing these gapless points in momen-
tum space,and it is equal to the bulk Chern number C
according to an established index theorem [13, 24, 39].
Inherently, the Z-type topological charge νb = C also
implies the WZW-term to be at level νb in the NLσM.
Since this WZW-term has a topological character with a
non-perturbative discrete coupling constant, gapless chi-
ral modes have a topologically protected finite conduc-
tance, free from the Anderson localization [29, 40]. As
the counterpart of the above results for NLσM, the BBC
can also be used to deduce the Chern character (CC)
term in the gauge response of (2n + 1)D chiral fermions
from the Chern-Simons(CS) term of the gauge response
3of (2n+2)D TIs, since the CS term is not gauge invariant
on a manifold with boundary, leading to the boundary
CC terms.
The coupling of disordered Weyl fermions with a gauge
field If b = 0, S±,eff (Q) just corresponds to chiral
fermions under disorders. According to the boundary-
bulk correspondence, the NLσM for a model H with only
one gapless point contains a WZW-term,
Γm[Q] =
im
128pi
∫
dτd3x µνρλtrQ˜∂µQ˜∂νQ˜∂ρQ˜∂λQ˜,
where m is the topological charge of the gapless modes
in the model, raising from
S[χ, χ†] =
∫
d3x χ† (ω −H+ iητ ra3 − V (r))χ.
In the present case, m = ± correspond to the left and
right-handed fermions, respectively. So it is clear that
the WZW-terms are cancelled if ever b = 0, leading to
vanishing topological terms and corresponding to a Dirac
Hamiltonian under disorders.
When b is nonzero, we can regard it as a chiral gauge
field coupling oppositely to the left- and right-handed
fermions. Let us consider HW,+ = σ · k coupled with a
U(1) gauge field A under disorders, noting that HW,− =
−σ · k can be treated similarly. After application of the
replica method, the Lagrangian reads
L+ = χ†a(ωδab+iσ ·(∇+iA)δab+iητ ra3 )χb−
g2
2
χ†aχaχ
†
bχb,
It is found that the U(1) gauge transformation can be
made for each component of χ independently, namely
the action is invariant under the transformation,
χa,s −→ χa,se−iαa,s(x)
and
A(x) −→ A(x)−∇αa,s,
with the superscript ‘s’ being the index of the retarded-
advanced space. Accordingly in the non-linear sigma ver-
sion, Q(a,s)(a
′s′) ∼ ψ†a,sψa′,s′ transforms under the gauge
transformation as
Q −→ eiαa,sQ(a,s)(a′s′)e−iαa′,s′ .
In the absence of gauge field, the NLσM is
S+,eff [Q] =
1
λ+
∫
d3x tr(∂jQ∂jQ) + Γ+[Q],
where 1/λ+ determined by the microscopic details of the
Weyl point is proportional to the longitudinal conduc-
tivity. Our strategy is to find the minimal coupling of
the NLσM with the U(1) gauge field, which is invariant
under the above gauge transformation. To simplify our
calculation but without loss of generality, we consider a
specific gauge transformation as
A(x) −→ A(x)−∇ατ ra3
and
Q −→ eiτra3 αQe−iτra3 α,
which are the opposite constants in advanced and re-
tarded spaces, respectively. Following a seminar work on
current algebra of Witten [35], we highlight our deriva-
tions below. The infinitesimal variation of Q is
Q −→ Q+ iα[τ3, Q].
τ3 operates on retarded and advanced spaces, and here-
after we drop the superscript for simplicity. Since the
minimal coupling for the ordinary term is readily ob-
tained by the substitution, ∂j −→ ∂ˆj = ∂j + [iAj , ], we
thus focus only on the WZW-term. The variation of Γ+
under the infinitesimal local gauge transformation is
δΓ+ = − 1
16pi
∫
S3
tr(dατ3∧Q∧dQ∧dQ),
where the exterior derivative and wedge product have
been used for brevity. Thus we have
JWZW = − 1
16pi
QdQ∧dQ.
We may expect that the coupling takes the form∫
tr(A∧J). However, since the current JWZW is not
gauge invariant, additional terms are needed to cancel its
variation under gauge transformation, which turns out to
be 14pi
∫
tr(A∧dAQ). As a result, the total gauge invari-
ant action for the ± case is given by
S±,eff =
1
λ±
∫
d3x tr(∂ˆjQ∂ˆjQ)± 1
4pi
∫
tr(A∧dAQ)
∓ 1
16pi
∫
tr(A∧QdQ∧dQ) + Γ±. (8)
Opposite coupling We are now ready to obtain the
NLσM of the WSM. In the WSM H+(H−) is coupled
with +b(−b). Thus from Eqs.(5) and (8), it is found
that
Seff [Q] =
1
λ
∫
d3x tr(∂jQ∂jQ) + SAΘ[Q], (9)
where 1/λ = 1/λ+ + 1/λ−, recalling that SAΘ, as our
most main result, is given by Eq.(2). Also note that
the first term in Eq.(9) is actually a normal action that
accounts for usual non-topological properties.
A physical meaning of the anisotropic θ-term becomes
clear if b is constant. Intuitively, a 2D slice at any
k ∈ (−b,b) along b direction may be viewed as a 2D
TI with unit Chern number, which is accompanied with
4FIG. 2: Three-vertex diagrams
the bulk transverse conductivity and the edge chiral gap-
less modes (see the latter discussion around Eq.(11)). It
is interesting to note that the transverse conductivity in
the plane perpendicular to b is proportional to the mag-
nitude of b, being completely independent of the disorder
strength g. The anisotropic form in the bulk is also con-
sistent with the edge currents traveling perpendicular to
b, enabling them to have topological protection similar
to that of the WZW-term. On the other hand, it is seen
from the derivation that the WZW-terms of two Weyl
points are cancelled, which relies only on the fact that
the two Weyl points have opposite topological charges,
independent of their positions in the k-space. When the
WZW-term is absent after the opposite coupling, its cor-
responding topological protection is lost, consistent with
the fact that disorders may mix the two Weyl points lead-
ing to localization[41]. However, remarkabally, the new
nontrivial anisotropic θ-term emerges, such that it em-
bodies the remaining anisotropic topological protection
originated from topological charges after the global can-
cellation, analogous to the net electric field generated
from an electric dipole.
At this stage, we elaborate how to derive the A-
CS term in Fig.(1) (see Supplemental Material for de-
tails [42]), from a trick of opposite coupling. Treat-
ing b as a gauge field coupling oppositely to the two
Weyl points, the corresponding Lagrangian reads L =
ψ¯(i/∂ − /A − γ5/b)ψ, where b is promoted to be a space-
time vector bµ with b0 corresponding to deviation in en-
ergy, and notations about Dirac matrices are consistent
with those in [21]. There are two types of vertexes,
= − ∫ d4xψ¯γ5/bψ and = − ∫ d4xψ¯ /Aψ. The A-CS
term is given by the three-vertex diagrams with two
’s and one , shown in Fig.(2). As the U(1) gauge sym-
metry is fundamental, we adopt the dimensional regular-
ization scheme for the internal momentum l in the loop.
Accordingly l is decomposed as /l = /l‖ + /l⊥. In the
above notations, /l‖ is still in the four-dimensional space-
time, but /l⊥ is in the extended infinitesimal dimensions,
anti-commuting with γµ and commuting with γ5 [21, 43].
The three diagrams contribute equally, and after a dra-
matic cancellation only a finite term is left similar to the
derivation of the axial anomaly [11, 12, 21], leading to
the anisotropic CS term,
SACS = − 1
4pi2
∫
d4x µνρσbµAν∂ρAσ(x). (10)
Dimension reduction The last arrow process to be es-
tablished is the dimension reduction from (2n + 1)D
CSM to (2n)D TI in class A. First it is observed that
if b is a constant vector in the model (1), along the
direction of b, we may regard the 3D system as a col-
lection of 2D systems perpendicular to b in k space,
and thus the 2D systems gapped over k ∈ (−b,b) are
2D TIs with unit Chern number and the others out-
side this range are trivial, except at the two gapless
points. Setting b = (0, 0, b) constant and all fields in-
dependent of z in Eqs.(2) and (10), the dimension re-
duction gives SAΘ = − bLz8pi
∫
d2x jktr(Q∂jQ∂kQ) and
SACS = − bLz4pi2
∫
d3x νρσAν∂ρAσ. Since kz ∈ (−b, b)
correspond to a collection of unit topological insulators
(Chern insulators), divided by the dimension constant
2b× Lz2pi , the above equations give the well-known θ-term
and CS term for 2D TIs,
S2DΘ = −
1
8
∫
d2x jktr(Q∂jQ∂kQ) (11)
S2DCS = −
1
4pi
∫
d3x µνρAµ∂νAρ(x). (12)
Since the above treatment is applicable for any integer
n > 0, the dimension reduction(DR) from (2n + 1)D
CSM to (2n)D TI in Fig.(1) has been completed. The
dimension reduction actually illustrates the correspon-
dence between the anisotropic θ-term of Eq.(2), and the
anisotropic CS term of Eq.(10), recalling that the CS
term for 2D TI indicates the transverse conductivity and
the θ-term implies the stability of this transverse trans-
portation under disorders.
Remark We now make comments about the essence of
emergent topological terms. In quantum field theory, this
emergence is usually related to some quantum anomaly,
where two regularization schemes with different symme-
tries are contradictory [11, 12, 28]. From a viewpoint of
band theory, these contradictions are usually originated
from nontrivial topological configurations of the Berry
fiber bundle. The coupling constant of a topological term
can formally be expressed as a topological invariant of
the Berry fiber bundle, which affects directly the trans-
port properties [44], and thus its nontrivial topological
configurations may account for anomalous transport in
quantum anomalies.
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SUPPLEMENTAL MATERIAL
In this supplemental material, we present the deriva-
tion details of the anisotropic Chern-Simons term
through opposite coupling. As mentioned in the main
text, it comes from the summation of the three diagrams
with one and two ’s. Let III denote the summation.
Applying Feynman rules we have
III = −
∫
dpdkdl
(2pi)4×3
tr[(−iγ5/b(−p− k)) i(/l − /k)
(l − k)2 (−i /A(k))
i/l
l2
(−i /A(p)) i(
/l + /p)
(l + p)2
],
noting that the three diagrams are equal. Then the above
express can be rewritten as
III = −
∫
dpdk
(2pi)8
(−ibµ(−p− k))Aλ(k)Aν(p)Mµνλ(p, k),
where
Mµνλ(p, k) = (−i)2
∫
d4l
(2pi)4
tr
[
γ5γµ
i(/l − /k)
(l − k)2 γ
λ i/l
l2
γν
i(/l + /p)
(l + p)2
]
.
Introducing Feynman’s parameters x and y and replacing
l by l + xk − yp, the above expression can be simplified
as
Mµνλ(p, k) = −2i
∫ 1
0
dxdy
∫
ddl
(2pi)d
1
(l2 −∆)3
tr[γ5γµ(/l + (x− 1)/k − y/p)γλ(/l + x/k − y/p)
γν(/l + x/k + (1− y)/p)].
As the U(1) gauge symmetry is fundamental, we adopt
the dimensional regularization scheme for l. Accordingly,
l is decomposed as
/l = /l‖ + /l⊥.
In the above notation, /l‖ is still in the four-dimensional
spacetime, but /l⊥ is in the extended spacetime, anti-
commuting with γµ and commuting with γ5. It is noted
that p and k are still in the four-dimensional spacetime
6without extension. The only non-vanishing terms within
the trace are
tr
{
γ5γµ[(x− 1)/k − y/p]γλ/l⊥γν/l⊥
}
+ tr
{
γ5γµ/l⊥γλ/l⊥γν [x/k + (1− y)/p]
}
+ tr
{
γ5γµ/l⊥γλ(x/k − y/p)γν/l⊥
}
.
Their summation can be simplified as
4iµλνα[(x− 1)kα + (1− y)pα]l2⊥,
using the identity
tr(γ5γµγνγργσ) = −4iµνρσ.
Thus
Mµνλ(p, k) = 8µλνα
∫ 1
0
dxdy[(x− 1)kα + (1− y)pα]∫
ddl
(2pi)d
l2⊥
(l2 −∆)3
= −4µλνα(kα − pα)
∫
ddl
(2pi)d
l2⊥
(l2 −∆)3 .
Using l2⊥ =
d−4
d l
2, the integration above is evaluated as∫
ddl
(2pi)d
l2⊥
(l2 −∆)3 =
i
(4pi)d/2
d− 4
2
Γ(2− d2 )
Γ(3)∆2−d/2
−→
d→4
−i
2(4pi)2
.
So we have
Mµνλ(p, k) = 2i
(4pi)2
eµλνα(kα − pα).
Now we are ready to evaluate III as
III = − 2
(4pi)2
∫
d4x µλνα(bµ(x)i∂αAλ(k)Aν(p)
−bµ(x)Aλ(k)i∂αAν(p))
= −i 1
4pi2
∫
d4x µνρσbµAν∂ρAσ(x).
Thus the effective theory also has the anisotropic Chern-
Simons term
SACS = − 1
4pi2
∫
d4x µνρσbµAν∂ρAσ(x).
